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supersymmetric D-brane networks, which minimize their energy inside of the corresponding

homology class of generalized cycles. Such a calibration is explicitly presented for type II

N = 1 flux compactifications to four dimensions. In particular networks of walls and

strings in compactifications on warped Calabi-Yau’s are treated, with explicit examples on

a toroidal orientifold vacuum and on the Klebanov-Strassler geometry.
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1. Introduction

Consider a flux vacuum of type II string theory. A nontrivial Neveu-Schwarz (NS) H

flux can give rise to strong constraints on the allowed D-brane configurations [1], since

the pullback of H to a D-brane worldvolume must be exact. At the same time, a D-brane

cannot wrap a submanifold with boundary, since this would violate Ramond-Ramond (RR)

gauge invariance. Both of these pathologies can be cured by letting end, let us say, D(p−2)-

branes on a Dp-brane, D(p − 4)-branes on a D(p − 2) and so on [2 – 4]. Thus, from the

topological point of view, in the presence of background and worldvolume fluxes it is natural

to consider networks of D-branes of different dimensions.

On the other hand, from the dynamical point of view, a satisfactory description of such

configurations is obviously problematic without further assumptions. Experience teaches
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us that supersymmetry can simplify life considerably, while still leaving room for nontrivial

and physically relevant effects. In the absence of fluxes, a single static brane wraps a volume

minimizing cycle and indeed supersymmetric D-branes correspond to the classical notion

of calibrated cycles [5], where the background calibration (a closed form) is directly related

to the background supersymmetry (see for example [6]). The inclusion of background

fluxes has led [7] to the generalization of the classical notion of a calibration from a volume

minimizing to an energy minimizing background form. Following the same philosophy,

it was shown in [8, 9] that the definition of calibration for D-branes in type II theories

can be further extended to automatically include a nontrivial background H-flux and the

worldvolume field strength F . In [8, 9] these generalized calibrations were found not to be

differential forms of definite degree, but rather polyforms, i.e. sums of forms of different

degrees, which characterize calibrated supersymmetric D-branes of different dimensions.

The setting of [8, 9] immediately suggests its applicability to D-brane networks instead

of single D-branes, and this indeed would constitute its more natural formulation in light

of the topological arguments discussed above. In this paper we will develop such an ap-

proach and see that it offers a new unifying formalism that efficiently describes many kinds

of D-brane networks. As an ordinary calibration identifies the volume minimizing cycle

inside of a certain homology class, to discuss calibrated D-brane networks we must define

what is the proper homological equivalence that relates D-brane networks that are in some

sense continuously connected. First of all, it is natural to use the generalized submanifolds

of generalized complex geometry (GCG) [10, 11] where one considers a pair (Σ,F) given

by a submanifold Σ and a worldvolume field strength F defined on it. Indeed the relation

between D-brane physics on flux vacua and generalized (complex) geometry, already sug-

gested by the use of polyforms, has deep implications [8, 9, 12 – 14]. Second, generalized

chains are weighted sums of generalized submanifolds, possibly of different dimensions. We

will show how a proper generalized boundary operator acting on the generalized chains can

be defined. As we will discuss in detail, the resulting homology theory will describe the dif-

ferent kinds of possible transitions between D-brane configurations: ordinary homological

deformations, dissolutions of D-branes in higher dimensional branes [15], decay or creation

of D-branes via the nucleation of higher dimensional Euclidean branes [4], and so on. Thus,

the generalized calibration defines the stable, energy minimizing, D-brane networks taking

into account all of these kinds of possible transitions.

The generalized boundary operator defines a homology group that naturally classifies

different D-brane networks. The problem of the topological classification of D-brane net-

works will not be the central one in this paper. However it is an important one and for

this reason we relegate a discussion on it to appendix A, where we relate the homology

discussed above to the more standard twisted homology discussed e.g. in [16].

The main example in which we apply our general approach is the class of type II

N = 1 D-calibrated flux vacua considered in [9, 12, 14] (for a short review see [17]). These

backgrounds preserve four-dimensional Poincaré invariance and admit supersymmetric D-

branes which are spacetime filling, domain walls or strings in the four flat dimensions, or

networks of them. We construct the appropriate generalized calibration that allows us

to treat all these different configurations at once, and we apply it to the case of IIB flux
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compactifications on warped Calabi-Yau manifolds.

We begin in Sec. 2 by defining generalized chains and their duals, generalized currents.

We define a generalized boundary operator ∂̂ on these chains which we use to define a

homology theory. We see that gauge-invariance requires that D-brane networks wrap gen-

eralized cycles. Then in Sec. 3 we interpret generalized boundaries as generalized cycles

wrapped by unstable networks. This implies that networks which represent the same ∂̂-

homology class may be related by dynamical processes. We give several examples, such as

branes dissolving in branes and the MMS-like [4] instantonic processes like that of Kachru,

Pearson and Verlinde [18]. In Sec. 4 we move beyond topology, and try to understand some

of the dynamics of networks. We define a calibration that is well-defined on all general-

ized cycles such that networks minimize their energy if and only if they wrap calibrated

generalized cycles. As a simple example, we apply this technology to reproduce the BIon

solution [19]. In Sec. 5 we specialize the previous discussion to N = 1 flux compactifica-

tions, in which we find a single generalized calibration that calibrates string, domain wall

and space-filling D-branes in the 4-dimensional theory. This discussion is further special-

ized in Sec. 6 to the case of compactifications on type IIB warped Calabi-Yau’s, where we

discuss some general properties of supersymmetric networks of domain walls at different

angles glued together along a string-like common boundary. Explicit examples are given of

junctions of walls in the toroidal orientifold compactification T 6/Z2 flux vacua introduced

in [20]. In Sec. 7 we explicitly solve the BPS equations describing the geometry of com-

posite domain walls, where a number of space-time filling D3-branes end on a D5-brane

wrapping an internal three-cycle supporting a non-trivial H-flux. Two concrete examples

are considered, one in the aforementioned toroidal orientifold and another in the S-dual

of the Klebanov-Strassler geometry [21], also studied in [18]. Finally in the Appendices

we describe the relation to the integral twisted homology of [16], which we extend to the

non-spinc case, and we derive the quantization condition obeyed by integrals of RR field

strengths on generalized cycles.

2. D-brane networks and ∂̂-homology

In this section we will define a generalized boundary operator which acts on submanifolds

endowed with a field strength F . This operator naturally appears in the D-brane context

and cannot be ignored in string theory if the H field is nontrivial. While the ordinary

boundary map ∂ takes a p-submanifold Σ to a (p − 1)-submanifold ∂Σ, the image of the

generalized boundary operator ∂̂ applied to a p-submanifold Σ may also contain a (p− 3)-

submanifold C. We will identify C with a Dirac monopole for F on the worldvolume of a

Dp-brane wrapping Σ, or equivalently with the surface on which a D(p − 2)-brane ends.

Therefore the ∂̂-homology classes will naturally be represented by sums of submanifolds of

different degrees, all of which have the same parity. We will refer to D-branes wrapping

the elements of these complexes of submanifolds as D-brane networks.

2.1 Generalized chains

A D-brane network is described by the embeddings of the constituent branes and their
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worldvolume gauge fields. For a single D-brane, wrapping a submanifold Σ with a field

strength F , this data is summarized by a pair (Σ,F), which is called a generalized sub-

manifold in the context of generalized complex geometry [11]. In this subsection we will

slightly modify the original definition of generalized submanifold and use it to introduce

generalized chains, which will allow us to deal with D-brane networks.

Let X denote the ten-dimensional spacetime. We do not assume that its spatial

slices are compact and we consider configurations in which both the NS H field and RR

field strengths may be nontrivial and properly quantized. If we use conventions in which

2π
√

α′ = 1, the H field satisfies the quantization condition
∫

N3

H ∈ Z (2.1)

for any compact three-cycle N3 ⊂ X. The RR quantization condition is derived in Ap-

pendix B.

The worldvolume of a Dp-brane extends along a (p + 1)-submanifold Σ ⊂ X. The

worldvolume gauge theory of the D-brane contains a U(1) gauge field, which may contain

a codimension-three Dirac monopole with worldvolume C. While we allow both Σ and C
to be manifolds with boundary, the boundary of a magnetic monopole is always contained

in the boundary of the host brane

∂C ⊂ ∂Σ. (2.2)

The condition (2.2) implies that C is a (p−2)-cycle that represents a class [C] in the relative

homology group Hp−2(Σ, ∂Σ). We will see momentarily that this class must exactly cancel

the class Poincaré dual to the cohomology class of the pullback of the H-flux onto the

D-brane worldvolume Σ,

[C] + PDΣ([H|Σ]) = 0. (2.3)

We recall that, as Σ may have a boundary, Poincaré-Lefschetz duality relates the relative

homology of Σ with respect to its boundary to the ordinary cohomology of Σ.

We will denote the worldvolume field strength by FC , so that the notation includes a

choice of the magnetic source C. Now the position and gauge configuration of the D-brane

is captured by the pair (Σ,FC), which we will still refer to as a generalized submanifold.

As is familiar in electrodynamics, a magnetic monopole appears as a source term in the

Bianchi identities for the U(1) field strength. In the present context, the gauge-invariant

field strength FC can be locally split into the sum of a purely worldvolume U(1) field

strength and the pullback of the B-field (locally characterized by H = dB). Thus FC

obeys the modified Bianchi identity

dFC = H|Σ + δ3
Σ(C) . (2.4)

In general magnetic monopoles may consist of multiple components of various charges.

Thus we will generalize to this setting by allowing C to be a codimension three chain,

which is a weighted sum of submanifolds. In (2.4) the Dirac delta function on a chain
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can be defined by asserting that it reduces to the usual Dirac delta function on a single

submanifold and is linear.1 The field strength FC is gauge-invariant and so the right hand

side of (2.4) must be exact. This means that it represents the trivial cohomology class

in H3(Σ), and so H|Σ and −δ3
Σ(C) must be cohomologous. δ3

Σ(C) is Poincaré dual to C,

and so one recovers Eq. (2.3). Condition (2.3) constrains the possible configurations by

corresponding tadpole conditions. Take for example X = R ×M and Σ = R × Γ, where Γ

is a compact cycle in M. In this case, if H|Γ is exact, then there cannot be net magnetic

monopole charge on Γ, even if source terms in (2.4) are not identically zero. When there

are no source terms at all, we will describe the D-brane configuration by the pair (Σ,F).

We are now ready to define chains. An even (odd) chain (S,F) is a formal sum of

generalized submanifolds (Σ(k),F (k)

C(k)) with integer coefficients in which the dimensions of

all of the submanifolds are even (odd):

(S,F) =
∑

k

nk(Σ
(k),F (k)

C(k)) , nk ∈ Z . (2.5)

2.2 Generalized currents

The generalized chains introduced in the previous section are naturally dual to polyforms on

X (formal sums of forms of different degrees) of definite parity. To this space of polyforms

we can associate the dual space of linear functionals defined on it, whose elements we call

generalized currents. In general, we may identify a generalized current j on X with a

(distributional) polyform that we indicate with the same symbol j and is such that, for

any (smooth compactly-supported) polyform φ,

j(φ) ≡
∫

X
〈φ, j〉 (2.6)

where 〈·, ·〉 indicates the Mukai pairing2 and only the top form is selected by the integra-

tion. In our context, we are interested in the particular class of generalized currents [14]

associated to generalized submanifolds, and by linearity to generalized chains.

Given a generalized submanifold (Σ,FC), the associated generalized current j(Σ,FC) is

defined by

j(Σ,FC)(φ) =

∫

X
〈φ, j(Σ,FC)〉 ≡

∫

Σ
φ|Σ ∧ eFC . (2.7)

Note that these functionals are well defined even if FC is singular at C. Indeed, consider

a tubular neighborhood of C which is a D3-bundle over C. This bundle can be foliated in

S2 bundles over C. For any sufficiently small two-sphere S2 linking C,
∫

S2 FC is finite and

(almost) constant by Gauss’ Law. Therefore the monopole source does not make the above

integral over the full D3-bundle, and thus over the full Σ, diverge.

1More directly, if C is (p− 3)-chain inside Σ, δ3
Σ(C) is defined by

R

Σ
δ3
Σ(C)∧χ ≡

R

C
χ for any (p− 3)-form

χ on Σ.
2Given two polyforms φ1 and φ2 on a space M , the Mukai pairing is defined by the formula 〈φ1, φ2〉 =

[φ1 ∧ σ(φ2)]top, where σ reverses the order of the indices of a form.
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The definition (2.7) of the current associated to a generalized submanifold is suggested

by the D-brane effective action. Since in general this action includes gravitational correc-

tions, one would naturally be led to a slightly different definition

jgrav
(Σ,FC) = j(Σ,FC) ∧

√

Â(TX) , (2.8)

where Â(TX) is the A-roof genus of the background tangent bundle. The leading terms in

the A-roof genus are Â = 1 + p1/24 + . . . , where p1 is a 4-form called the first Pontrjagin

class of the tangent bundle and . . . are higher degree forms. The fact that the degree 0 term

is equal to one and the degree 2 term vanishes means that the gravitational corrections only

appear at degree 4, like the corrections from gauge instantons in the nonabelian case. As

in that case, these corrections will not change the classification of charges, but merely shift

the charges which are already there. In general these lead to interesting physical effects,

like half-integer shifts in the quantization condition and gravitational corrections to the

calibration formulas. In the present paper we will ignore these corrections, that may be

nevertheless reintroduced by using the corrected generalized currents (2.8) instead of the

uncorrected ones.

2.3 The generalized boundary operator

What have we gained by reexpressing our generalized submanifolds in terms of generalized

currents? Our goal is to construct a homology theory that classifies equivalence classes of

continuously connected generalized chains that can be wrapped by D-brane networks. To

do this we must choose a generalized boundary operator. A generalized boundary operator

that acts on generalized submanifolds with sources has not yet appeared in the physics

literature.

On the other hand, there is a twisted exterior derivative

dH ≡ d + H∧ (2.9)

that acts on polyforms. RR field strengths are dH-closed and can be locally written as

F = dHC, where we assemble the RR gauge fields and the field strengths into the polyforms

C and F respectively, in such a way that an infinitesimal RR gauge transformation is given

by δC = dHλ, where λ is any polyform (of degree opposite to C). As RR fluxes are sourced

by D-branes, we are led naturally to the proposal that the generalized boundary operator

whose homology classifies D-branes is just the dual of the twisted exterior derivative. In

subsection 2.4 we will see that this proposal implies that consistent D-branes always wrap

generalized chains which are closed with respect to this generalized boundary operator and

are thus generalized cycles. In sec. 3 we will show that this guess successfully describes

physical processes such as branes dissolving in branes and MMS instantons [4], as the

original and final configurations always differ by a generalized boundary.

We will now use the definition (2.7) to calculate the action of the generalized boundary

operator on an arbitrary generalized submanifold (Σ,FC) as the operator dual to the action

of the dH-differential on the generalized current j(Σ,FC).

– 6 –
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Using Stokes’ theorem and the modified Bianchi identity (2.4), for any polyform φ on

X one finds
∫

X
〈φ,dHj(Σ,FC)〉 ≡

∫

X
〈dHφ, j(Σ,FC)〉

=

∫

Σ
dHφ|Σ ∧ eFC

=

∫

∂Σ
φ|∂Σ ∧ eFC |∂Σ −

∫

C
φ|C ∧ eFC |C

=

∫

X
〈φ, j(∂Σ,FC |∂Σ) − j(C,FC |C)〉 . (2.10)

The polyform φ is arbitrary and so one can read the action of the twisted differential on

j(Σ,FC) off of Eq. (2.10)

dHj(Σ,FC) = j(∂Σ,FC |∂Σ) − j(C,FC |C) . (2.11)

Notice that, while dFC is singular at C, FC |C is nevertheless well defined. Indeed, δ3
Σ(C)

has all legs (co)normal to C and so is killed by the restriction to C, therefore (2.4) reduces

to

dFC |C = H|C (2.12)

which means that the field strength F|C on C has no magnetic sources.

If C has a nontrivial boundary ∂C ⊂ ∂Σ, then the definition H = dB combined with

the definition of C as the magnetic monopole worldvolume implies3

dFC |∂Σ = H|∂Σ − δ3
∂Σ(∂C) , (2.13)

where we have used the relation

δ3
Σ(C)|∂Σ = −δ3

∂Σ(∂C) . (2.14)

The relative minus sign is due to the fact that if we use the natural orientations of ∂Σ and

C induced by their inclusions into Σ, the orientations on ∂C induced by its inclusions in

∂Σ and in C disagree.

Finally we are ready to define the generalized boundary operator ∂̂ by imposing

dHj(Σ,FC) = j∂̂(Σ,FC) . (2.15)

Eq. (2.11) now yields the generalized boundary operator ∂̂ on generalized chains of definite

dimension on the constituent generalized submanifolds

∂̂(Σ,FC) = (∂Σ,FC |∂Σ) − (C,FC |C) , (2.16)

which extends to arbitrary chains by linearity. We will refer to generalized chains in the

kernel of ∂̂ as generalized cycles and generalized chains in the image of ∂̂ as generalized

3The relation (2.13) is valid even in the degenerate case in which not only ∂C but also C itself is contained

in ∂Σ, as can be seen by ‘regularizing’ it by slightly deforming C in such a way that C − ∂C ⊂ Σ − ∂Σ.
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boundaries. Using dFC |C = H|C and the relation (2.13), one finds that that ∂̂2 = 0 and

thus ∂̂ may be a suitable boundary operator for a homology theory. Of course this works

because H ∧ H = 0, which is true at the level of differential forms but may fail in the full

integral homology due to possible torsional effects, possibly leading to interesting physical

effects. We will comment more on this in Appendix A.

2.4 Generalized cycles

The nilpotency of ∂̂ implies that its image is a subgroup of its kernel and we define the

even and odd ∂̂-homology groups to be the quotient of the kernel of ∂̂ by its image

Ĥeven =
Ker(∂̂ : Υeven −→ Υodd)

Im(∂̂ : Υodd −→ Υeven)
, Ĥodd =

Ker(∂̂ : Υodd −→ Υeven)

Im(∂̂ : Υeven −→ Υodd)
(2.17)

where Υodd and Υeven are the groups of odd and even generalized chains respectively.

From (2.16) we see that a generalized chain consisting of a single generalized sub-

manifold (Σ,FC) is a generalized cycle only if Σ is a cycle with respect to the ordinary

boundary operator ∂ and C is empty. However, if we allow chains in which the underlying

submanifolds Σ(k) have different dimensions, we find more interesting generalized cycles.

For example if Σ and Σ′ are of dimension p and p − 2 respectively and if Σ supports a

nontrivial H flux whose cohomology class is dual to homology class defined by C then

(Σ,FC) + (Σ′,F ′) (2.18)

is a generalized cycle if Σ is a p-cycle and if furthermore ∂Σ′ = C and FC |C = F ′|∂Σ′ .

More generally we may consider generalized cycles consisting of formal sums of several

generalized chains of different definite dimensions4

(C,F) = (Σ(1),F (1)

C(1)) + (Σ(2),F (2)

C(2)) + (Σ(3),F (3)

C(3)) + . . . , (2.19)

where Σ(1) is a cycle and, for k ≥ 2, Σ(k) are chains such that ∂Σ(k) = C(k−1) and

F (k−1)

C(k−1) |C(k−1) = F (k)

C(k) |∂Σ(k) . By construction if (C,F) is a generalized cycle, then the corre-

sponding dual generalized current

j(C,F) =
∑

k

j
(Σ(k),F

(k)

C(k)
)

(2.20)

is dH -closed.

The formal sum of different generalized submanifolds in a generalized chain has a clear

physical interpretation in terms of networks that consist of several D-branes of different

dimensions, where some Dp-branes may end on D(p + 2)-branes. Dp-branes ending on yet

higher dimensional branes, as are present for example in the SU(3) WZW model studied

in [4], exist because of the quantum Freed-Witten anomaly. In the generalized lens space

compactifications of [22] such configurations are the result of an anomaly on branes wrap-

ping certain cycles that cannot be represented by submanifolds. Both of these effects are

missed in our present formalism, which is insensitive to quantum corrections.

4We use the symbol (S, F) to denote a generalized chain, while (C, F) will denote a generalized cycle.
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The gauge invariance of the Chern-Simons terms in the D-brane actions requires that

all networks consist of D-branes wrapping a total generalized cycle. Consider a D-brane

network wrapping a generalized chain (S,F). The total Chern-Simons term is5

SCS =

∫

X
〈C, j(S,F)〉 , (2.21)

where we have used the total RR gauge connection C =
∑

even/odd C(k). Under an infinites-

imal RR gauge transformation δλC = dHλ and thus

δλSCS =

∫

X
〈λ,dHj(S,F)〉 =

∫

X
〈λ, j∂̂(S,F)〉, (2.22)

implying that the Chern-Simons term is invariant only if (S,F) is a generalized cycle.

When this condition is satisfied one finds the expected possible consistent configu-

rations. For simplicity consider a generalized chain which is the sum of two generalized

submanifolds (Σ,FC) and (Σ′,F ′
C′). If Σ has no boundary then there are two possibilities.

First Σ′ may also be a cycle. In this case, generically, neither brane carries net monopole

charge C = C′ = 0 and the two generalized cycles of definite dimension are separately

allowed D-brane configurations. However, if the two cycles have the same dimension, we

can also consider the case when Σ and Σ′ intersect at C = −C′ and FC |C = −F ′
C′ |C′ , so that

they have opposite magnetic sources that can annihilate each other. If on the other hand

Σ and −Σ′ are homologous then C and −C′ are homologous and one finds a meson-like

bound state in which the p-branes wrapping Σ and −Σ′ are attached by a (p − 2)-brane

extending from C to C′. Another possibility is that the D-branes wrap a generalized cycle

of the kind described in (2.18), where the D-branes wrapping (Σ′,F ′) end on the D-branes

wrapping (Σ,FC), playing the role of worldvolume magnetic monopoles wrapped on the

submanifold C.

We thus see that the generalized chains introduced above and the generalized boundary

operator ∂̂ acting on them as defined in (2.16) allow one to characterize in a concise language

the general consistent D-brane networks simply in terms of generalized cycles. The natural

next step is to provide a physical interpretation for the homological equivalence defined by

∂̂. This will be the subject of the next section.

3. Generalized homologous configurations, MMS instantons and dissolv-

ing branes

We have seen that generalized cycles are precisely those chains that can be wrapped by

consistent D-brane networks. In this section we will interpret generalized boundaries,

which are all identified with the zero element in ∂̂-homology. We will argue that a D-

brane network can decay if and only if the generalized cycle that it wraps is a generalized

boundary.

5To simplify notation, here and in the following expressions involving D-brane actions and energies we

omit an overall factor 2π given by the D-brane’s tension in units 2π
√

α′ = 1.
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Figure 1: Here we see two dynamical processes in which a network transforms into a different

network in the same ∂̂-homology class. In the southern hemisphere a brane wrapping the cycle

C with gauge bundle F moves, sweeping out the chain B. As it moves the gauge bundle F̂ also

changes, although it always satisfies dF̂ = H |B. Finally it arrives at the cycle C′ where the gauge

bundle is F̂ |C′ = F ′. In the northern hemisphere 3 D0-branes swell to form a D2-brane wrapping

a trivial cycle but with 3 worldvolume magnetic vortices. They sweep out the chain (B̃, F̃{pi}),

whose worldvolume flux F̃{pi} is sourced at the positions pi of the original D0-branes.

There are several distinct decay processes encoded in the ∂̂-homology formalism. A D-

brane may decay if it wraps a contractible cycle and carries no lower-dimensional D-brane

charges by simply collapsing. It may collapse via a series of worldvolume topology-changing

transitions even if it wraps a noncontractible p-cycle which is the boundary of a (p + 1)-

cycle by sweeping out the (p + 1)-cycle. Also it may annihilate an anti-brane which has

all opposite charges. It may dissolve into the gauge field of a higher-dimensional D-brane.

Finally a Dp-brane wrapping a nontrivial cycle which is orthogonal to a nontrivial H flux

on a compact 3-cycle may grow into a D(p + 2)-brane, in a Myers dielectric configuration

[15], sweep out the cycle and then shrink into oblivion. These last decay processes, known

as MMS instantons, were used in [4] to argue that D-branes are classified by twisted K-

theory.6

More explicitly, consider two generalized cycles, (C,F) and (C′,F′) of the same parity.

These two cycles are said to be homologous if there exists a chain (S, F̂) of the opposite

6Here we neglect a possible quantum correction, the third Stiefel-Whitney class, on the worldvolume of

the D(p + 2)-branes and so arrive instead at ∂̂-homology. See Appendix A for a discussion of this point.
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parity such that

∂̂(S, F̂) = (C′,F′) − (C,F). (3.1)

In this case the difference (C′,F′) − (C,F) is in the image of ∂̂ and so is a generalized

boundary. If the difference between two D-brane configurations is a boundary then they

represent the same ∂̂-homology class. We claim that in this case a physical process may

occur in which the network (C,F) becomes the network (C′,F′). This physical process

is just the nucleation of the unstable network that sweeps out (S, F̂). At this point we

have not considered the dynamics of the system, and so we do not know whether such

a transition will happen or if it is even energetically favorable. The difference in energy

between the initial and final state of such a process will be considered in Sec. 4 where we

endow the backgrounds where the networks live with calibrations. In this section we will

instead show that in examples these processes are in line with physical expectations.

For concreteness let us isolate the time direction R in the ten-dimensional spacetime

X = R×M and restrict our attention to two generalized cycles of definite dimension (and

thus with no magnetic sources) (Σ,F) and (Σ′,F ′) such that Σ = R×Γ, Σ′ = R×Γ′ and the

worldvolume field strengths live only on the internal cycles Γ,Γ′ ⊂ M.7 First we consider

the case in which the two cycles Γ and Γ′ are of the same dimension and are homologous

with respect to the ordinary boundary operator ∂, as depicted in the southern hemisphere

of Fig. 1. In this case our generalized cycles (Σ,F) and (Σ′,F ′) are ∂̂-homologous if there

exists a generalized chain (B, F̂) on M such that

∂B = Γ′ − Γ, F̂|Γ = F , F̂|Γ′ = F ′ . (3.2)

This means that each of the generalized cycles can be continuously deformed to the other

and so they are equivalent in both ordinary and in ∂̂-homology. This case agrees with the

homology relation used in [9, 12, 14, 23], where possible source terms in (2.4) have not

been considered and thus each brane can wrap only proper cycles.

Now we will consider a more interesting example in which the two cycles are chosen

to have dimensions

dim Σ′ = dim Σ + 2 (3.3)

as is depicted in Fig. 2. In this case (Σ,FC) and (Σ′,F ′
C′) are ∂̂-homologous if some

interpolating chain (B, F̂Ĉ) in M (i.e. a generalized chain (R × B, F̂
R×Ĉ) in X) satisfies

∂B = −Γ′ and Ĉ = Γ , (3.4)

so that F̂Ĉ is sourced by a delta function with support on Γ. As usual, the consistency

condition (2.3) must be satisfied. In particular (Σ,FC) can be trivial in ∂̂-homology even

7We would like to stress that our definition of ∂̂ given in (2.16) was derived for D-branes in a ten-

dimensional background X. If we split X and the generalized chains into direct products of lower dimen-

sional objects (like in the present examples), the restriction of the definition of ∂̂ to the different subsectors

could require some sign changes to take into account the orientation of the total generalized chains.
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T
im

e

3 D0−branes
that represent
the trivial twisted
homology class

Magnetic monopole
in D2−brane 

worldvolumegauge theory

D2−brane that sweeps out
a cycle that supports

3 units of H flux
and then shrinks
into oblivion

Figure 2: 3 D0-branes represent a trivial homology class. They therefore can decay via an MMS

instanton, which is a D2-brane that sweeps out a 3-cycle Σ such that the endpoints of the D0-branes

are Poincaré dual in Σ to the pullback of the H flux. The D0’s inflate into a spherical D2-brane

via the Myers effect, sweep out the 3-cycle and then disappear as the sphere shrinks to nothing at

the north pole. This process creates a residual RR 6-form field strength.

if Γ is a nontrivial cycle in ordinary homology but there exists a generalized chain (B, F̂Ĉ)

in M such that B is a cycle and Ĉ = Γ. The Euclidean D-brane instanton wrapping

(t0 × B, F̂t0×Ĉ), at some time t0 ∈ R, is an extension of the MMS D-brane instantons [4],

and the total consistent D-brane configuration undergoing the instanton transition is given

by the generalized cycle

(C,F) = ((−∞, t0] × Γ′,F ′) + ([t0,+∞) × Γ,F) + (t0 × B, F̂t0×Ĉ) . (3.5)

We have explained that trivial ∂̂-homology classes correspond to potentially unstable

D-brane networks. Adding a constant charge to the initial and final state thus implies that

generalized cycles which represent the same ∂̂-homology class are related by dynamical

processes. One dynamical process which can be described in this way is the dissolving of a

stack of n Dp-branes in a D(p+2)-brane. In the worldvolume theory of the D(p+2)-brane,

once the Dp-branes are dissolved their RR charges are carried by a charge n magnetic

vortex with respect to the D(p + 2)-brane’s worldvolume U(1) gauge field. We will now

show that the generalized cycle which describes the Dp-branes dissolved in the D(p + 2) is

homologous to that in which they are not dissolved and the D(p + 2)-brane’s worldvolume

gauge field is trivial.

We suppose for simplicity that there is no H-flux and begin with a D(p + 2)-brane

wrapping the (p + 3)-cycle Σ(1) and n Dp-branes wrapping the (p + 1)-cycle Σ(2) ⊂ Σ(1).
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Our starting D-brane network is characterized by the generalized cycle

(Σ(1), 0) + n(Σ(2), 0) , (3.6)

where no branes are dissolved and all worldvolume fluxes are trivial.

Now consider a (p + 3)-cycle Σ′ which is homotopic to Σ(1), so that a (p + 4)-chain B
exists satisfying ∂B = Σ′−Σ(1) 8. We can construct a generalized chain (B, F̂Ĉ) describing

the deformation of (Σ(1), 0) + n(Σ(2), 0) to a generalized cycle (Σ′,F) if

∂̂(B, F̂Ĉ) = (Σ′,F) − (Σ(1), 0) − n(Σ(2), 0) , (3.7)

which implies

Ĉ = nΣ(2) , F̂Ĉ |Σ′ = F , F̂Ĉ |Σ(1) = F̂Ĉ |Σ(2) = 0 . (3.8)

The fact that the Dp-branes are magnetic monopoles in the worldvolume of the D(p + 2)-

brane sweeping out B implies that

dF̂Ĉ = nδ3
B(Σ(2)) (3.9)

which integrated over each cross section yields
∫

N ′
2

F =

∫

B3

dF̂Ĉ = n, ∂B3 = N2
′ − N2 (3.10)

where B3 is a 3-chain which relates two homotopic cycles N2 ⊂ Σ(1) and N ′
2 ⊂ Σ′, where

N2 has intersection number one with Σ(2) ⊂ Σ(1). We have thus arrived at the usual

condition that we must have n quanta of worldvolume flux on the final D(p + 2)-brane,

which wraps Σ′. These units of flux couple to the RR (p+1)-form gauge connection just like

the dissolved n Dp-branes, and so Dp-brane charge is conserved by this process. The case

in which 3 D0-branes dissolve in a contractible D2 is depicted in the northern hemisphere

of Fig. 1.

More generally we may start with a configuration in which the Dp-branes wrap a (p+1)-

cycle Σ′(2) which is not included in Σ(1) but can be continuously connected to Σ(2) ⊂ Σ(1)

by a (p + 2)-chain A such that ∂A = Σ′(2) − Σ(2). In this case the total generalized chain

describing the deformation to (Σ′,F) is

n(A, 0) + (B, F̂Ĉ) (3.11)

and so it would be possible to move the Dp-branes to the D(p+2)-brane and then dissolve

them inside.

From this discussion, it seems that the homology defined by ∂̂ gives a natural and pow-

erful topological characterization of D-brane charges. We will see that it is not necessarily

true that a contractible generalized cycle has trivial charge, and thus one cannot naively

identify the ∂̂-homology of a certain D-brane configuration with its RR charge.

8We may even consider Σ′ = Σ(1), but it is useful to regularize this kind of configurations by choosing

a Σ′ which is a slight deformation of Σ(1).
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4. Supersymmetry and generalized calibrations

Until now we have focused on the topological properties which characterize consistent

D-brane configurations and their equivalence relations, without worrying about whether

these configurations are in fact solutions of the equations of motion and thus contribute

in a significant way to the path integral. In order to address this problem, we have to be

a bit more specific about the supergravity background. We are interested in static type

II configurations in a ten-dimensional spacetime of the form R ×M where R is the time

direction. The most natural question is whether there exist static D-brane networks and, if

so, whether they are stable. In this case, the relevant information can be obtained from the

energy of the configuration under consideration. Consider a consistent D-brane network

wrapping the time direction and an internal generalized cycle (C,F) =
∑

k(Γ
(k),F (k)

C(k)) in

M. Its energy per unit volume is given by9

E(C,F) ≡
∑

k

∫

Γ(k)

E(Γ(k),F (k)

C(k)) (4.1)

where E(Γ,FC) denotes the energy density of the generalized submanifold (Γ,FC). Note

that we expect the magnetic source at C to give an infinite contribution to the energy. We

will come back to this point soon.

Now it is clear that a consistent D-brane network wrapping (C,F) is stable (or at least

degenerate) only if every other homologous generalized cycle (C′,F′) satisfies

E(C,F) ≤ E(C′,F′) . (4.2)

Notice that, using this definition of stability, we are considering at the same time both the

classical stability under continuous deformation and the stability against decays driven by

the nucleation or annihilation of D-branes, or by the dissolution of Dp-branes in D(p + 2)-

branes. However, we are completely neglecting other possible sources of instability (or

metastability), caused for example by the nucleation and annihilation of NS5-branes, as

was studied in [18], although that process is S-dual to an MMS process that is covered by

our formalism. These and other possible phenomena should be automatically included in

a description which is covariant under the non-perturbative dualities of type II theories,

but even in this case it would face the issue of the applicability of the tree-level low energy

description which is the starting point of our discussion. In addition one would need to

include the energy contribution of the bulk fields, which changes during an MMS process.

We are also ignoring processes in which Dp-branes dissolve in stacks of D(p + 4)-branes

where they become instantons in their worldvolume nonabelian gauge theories, to cover

these cases one would need to use the nonabelian Born-Infeld energy in (4.1).

Experience teaches us that the fact that supersymmetric D-branes are stable can be en-

coded in the presence of background calibrating forms that ‘calibrate’ the supersymmetric

branes. In order to take into account a possibly nontrivial background with worldvolume

9In this paper we do not consider cases in which the D-brane configurations admit only a pure non-

commutative description.
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fluxes on the branes, we use the definition of generalized calibration used in [9] (see also

[8]). In a static background R ×M, where R is a time-like Killing direction parametrized

by t, a generalized calibration is a dH-closed polyform ω of definite parity (even in IIA and

odd in IIB) on X such that, for any Dp-brane wrapping any static generalized submanifold

(R × Γ,F) (with F completely on Γ)

[ω|Γ ∧ eF ]top ≤ E(Γ,F) , (4.3)

where [ ]top means that one takes the coefficient of the top form component. A D-brane is

said to be calibrated if the inequality (4.3) is saturated at each point on its worldvolume.

Notice that this definition is completely local, which is why we have omitted possible

source terms for F . Let us also recall that we can single out the RR contribution to

the generalized calibration in such a way that we can use a different kind of generalized

calibration ω̂ = ω + ι∂tC that is gauge invariant under RR gauge transformations. ω̂

minimizes only the DBI energy density i.e.

[ω̂|Γ ∧ eF ]top ≤ EDBI(Γ,F) , EDBI(Γ,F) = e−Φ
√

− det(g|R×Γ + F) dtopσ , (4.4)

and satisfies the differential condition10

dH ω̂ = ι∂tF. (4.5)

We are thus led to restrict our attention to D-calibrated backgrounds. The explicit

example provided by the N=1 vacua considered in [9] will be discussed in section 5. Now

we will demonstrate a general feature of generalized calibrations. Historically they were in-

troduced to characterize D-branes wrapping generalized cycles of definite dimension which

are energy minimizing under continuous deformations. However the above definition of

generalized calibrations characterizes D-brane networks which are energy minimizing not

only under continuous deformations, but also under processes involving nucleation, cre-

ation or annihilation of D-branes. Consider for example a D-brane network wrapping a

static calibrated generalized cycle (C,F) =
∑

k(R × Γ(k),F (k)

C(k)). Consider also a homolo-

gous static generalized cycle (C′,F′) =
∑

r(R×Γ′(r),F ′(r)

C′(r)). Then there exists a generalized

chain (S, F̂) such that

∂̂(S, F̂) = (C′,F′) − (C,F). (4.6)

Now we can show that calibrated networks really do minimize energy

E(C,F) =
∑

k

∫

Γ(k)

ω|Γ(k) ∧ e
F

(k)

C(k) =

∫

M
〈ω, j(C,F)〉

=

∫

M
〈ω, j(C′,F′)〉 −

∫

M
〈ω, j∂̂(S,F̂)〉

=
∑

r

∫

Γ′(r)

ω|Σ′(r) ∧ e
F

′(r)

C′(r) ≤ E(C′,F′) , (4.7)

10Eq. (4.5) implies that the electric component ι∂t
F of the RR field-strength is dH -exact. We expect this

to be valid in general, provided that there are no subtleties associated to special topological properties of

space-time and we can safely identify the energy-density of the system with the standard DBI+CS energy

density.
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Dp−brane in network

D(p−2)−brane in network

Background D−brane
Background D−brane

BIon

Figure 3: In general the energy of a network is infinite if the lower-dimensional D-brane tendrils

are semi-infinite. This infinity must be regularized, for example imposing an IR cutoff in the

background, which may be automatic if the tendrils end on a horizon or the end of the world. On

the left we see a network which ends on a background brane but has infinite energy because the Dp-

brane’s Dirac monopole is localized on a codimension 3 surface. On the right a finite-energy BIon

solution is drawn, which is in the same ∂̂-homology class as that on the left, but the Dp-D(p − 2)

system has been replaced by a single continuous Dp that ends on the same background brane.

where in going from the second to the third line we have used the fact that
∫

M
〈ω, j∂̂(S,F̂)〉 =

∫

M
〈ω,dHj(S,F̂)〉 = −

∫

M
〈dHω, j(S,F̂)〉 = 0 . (4.8)

The final equality in (4.8) is a consequence of the fact that ω is dH -closed.

In the singular configurations that we have been discussing, in which a Dp-brane ends

on a D(p+2)-brane, the Dirac-Born-Infeld energy density of the D(p+2)-brane diverges at

the points where it meets the Dp-brane, giving an infinite contribution to the energy. This

reflects the fact that these configurations contain a Dirac monopole in the D(p + 2)-brane

worldvolume theory, and the Dirac monopole solution has an infinite energy. Of course,

the validity of the low-energy description provided by the DBI action breaks down and we

should consider derivative corrections which are higher order in α′. However, these infinite-

energy configurations are in the same ∂̂-homology class as BIon-like configurations, which

in flat space are smooth, all-order string theory solutions consisting of a single D(p + 2)-

brane tube [24]. Thus we recover the fact that the singular brane junctions relax to smooth,

BIon solutions. Both configurations are depicted in Fig. 3. In particular, this indirectly

implies that the ‘topological’ quantity

Θ[(C,F)] ≡
∫

X
〈ω, j(C,F)〉 ≤ E(C,F) , (4.9)

which equals the energy of the supersymmetric configuration (if there is any) in the ∂̂-

homology class of (C,F), is finite (when IR regularized) even if FC diverges on C, in agree-

ment with the more general argument given after (2.7).

As a simple example, let us check our formalism by describing the instability of n

D0-branes inside of a D2-brane wrapping a 2-cycle in a Calabi-Yau manifold. It is known
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that it is energetically favorable for the D0-branes to dissolve in the D2-brane. In this case,

the appropriate generalized calibration [8, 9] is given by

ω = Re(eiθe−iJ) , (4.10)

where J is the Kähler form of the Calabi-Yau and θ is a real parameter. We start with a

D0-D2 configuration wrapping the generalized cycle n(p0, 0) + (Σ, 0), where p0 is a point

and Σ a 2-cycle in the Calabi-Yau. The generalized chain relating this configuration to the

generalized cycle (Σ,F), where
∫

Σ F = n, was described at the end of section 3. Thus we

can check that both n(p0, 0) + (Σ, 0) and (Σ,F), when inserted into (4.9), yield the same

Θ(θ) = n cos θ + sin θ

∫

Σ
J (4.11)

where J is the pullback of the Kähler form onto Σ.

Note that in this case we have a family of calibrations parametrized by the parameter θ.

In general, the correct θ gives the maximum value of Θ(θ) and is selected by the condition
∫

X
〈Im(eiθe−iJ), j(C,F)〉 = 0. (4.12)

Such selection conditions are typically associated to backgrounds with extended super-

symmetry that can be broken in different ways (like in our Calabi-Yau example) and can

be interpreted as imposing the vanishing of a Fayet-Iliopoulos term (for a discussion that

includes nontrivial fluxes, see [12]).

In our example, (4.12) is solved by

θ = tan−1

∫

Σ J

n
. (4.13)

Since J is a standard calibration for two-cycles, the energy associated to the first configu-

ration E = n + Vol(Σ) is always strictly bigger then Θ(θ). On the other hand, the second

configuration can be calibrated if Σ is holomorphically embedded and

sin θF = cos θ J . (4.14)

Thus, the first configuration will eventually continuously decay to the second and the

D0-branes dissolve.

As a second check of our formalism, that also clarifies some previous comments about

the energetics of D-branes ending on D-branes, let us consider the BIon solution in flat

space, describing n D1-branes ending on a D3-brane. The (ordinary) calibration for a

D3-brane extending in the directions x1, x2, x3 is given by ωD3 = dx1 ∧ dx2 ∧ dx3, while

the calibration for the D1-branes extending along the x4 direction is given by ωD1 = dx4.

Thus the generalized calibration is given by

ω = ωD3 + ωD1 = dx1 ∧ dx2 ∧ dx3 + dx4 . (4.15)

If σα, α = 1, 2, 3, denote the three worldvolume coordinates on the D3-brane, we can

choose a static gauge in which xα = σα and x4 = X(σ). In general we allow a magnetic
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field strength F = 1
2ǫαβγbγdσα ∧ dσβ. Suppose that the flat space is IR regularized so that

we have a finite volume VD3 along the three directions x1, x2, and x3, while the fourth

direction is bounded |x4| ≤ L. Then, if the D3-brane is located at x4 = 0, Θ as defined in

(4.9) takes the finite value

Θ = VD3 + nL . (4.16)

This is indeed the energy of the D-branes, if we ignore the field strength on the D3-

brane and should be identified with the energy of the system once it is relaxed to its

supersymmetric configuration. The key point is that RR charge conservation demands a

nontrivial field strength F , since the D1-branes act as monopoles and thus if, for example,

the D3 and the D1-branes meet at x1 = x2 = x3 = 0, we must have dF = nδ3(0). The

configuration with straight D-branes cannot be supersymmetric, since the Dirac monopoles’

energy diverges and indeed we know that a BIon should form.

Let us recover the finite energy configuration by requiring the saturation of the cali-

bration condition (4.3) for the D3-brane. Since

[ω|BIon ∧ eF ]top = dx1 ∧ dx2 ∧ dx3|BIon + F ∧ dx4|BIon

= (1 +~b · ~∇X) dσ1 ∧ dσ2 ∧ dσ3 . (4.17)

and

E =

√

1 + ~∇X · ~∇X +~b ·~b + (~b · ~∇X)2 dσ1 ∧ dσ2 ∧ dσ3 , (4.18)

it is easy to see that the bound in (4.3) is saturated only if ~∇X = ~b. Thus △X = 0 and,

from the additional condition dF = ~∇ · ~b d3σ = n δ3(0), we get X = −n/(4πρ), where

ρ2 = ~σ · ~σ. This is indeed the BIon solution, where the D3-brane extends to infinity,

practically reabsorbing the D1-brane. This configuration is in the same ∂̂-homology class

as the configurations with straight branes, and indeed its energy is given by (4.16).

5. The case of N = 1 flux compactifications

We would now like to apply the previous arguments to N = 1 flux compactifications

to (warped) flat four-dimensional spacetime. We will focus on the backgrounds called

D-calibrated in [12], since several general properties of D-branes on these kinds of flux

backgrounds are well understood [9, 12, 14]. In this case M = R
3 ×M and all background

fields preserve the four-dimensional Poincaré invariance. Letting xµ = (t, xi) and ym

parametrize R
1,3 and M respectively, the ten-dimensional metric can be written

ds2
(10) = e2A(y)dxµdxµ + gmn(y)dymdyn , (5.1)

where A is a possibly nontrivial warp factor depending only on the internal coordinates

and gmn is the Euclidean metric on M .

Again we collect all of the RR field strengths into a single polyform of definite parity

F = dHC. We split these components into electric and magnetic parts F̃ and F̂ respectively

F = vol4 ∧ F̃ + F̂ , (5.2)
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where vol4 = e4Adt ∧ dx1 ∧ dx2 ∧ dx3. Note that F̃ and F̂ are not independent due to the

self-duality relations between the RR field strengths. Therefore all information about the

RR fluxes is contained in either F̃ or F̂ , depending on whether we choose the electric or

magnetic description. If we treat F̃ as the fundamental field then we can locally introduce

‘electric’ RR gauge fields, and choose a gauge in which they take the form C = vol4 ∧ C̃,

with F̃ = e−4AdH(e4AC̃). If F̂ are the fundamental field strengths, the corresponding

‘magnetic’ RR gauge fields are C = Ĉ, so that F̂ = dH Ĉ.

The supersymmetry conditions for these backgrounds were studied in [25], where it

was shown that they are characterized by two complex polyforms Ψ̂1 and Ψ̂2 which, using

the terminology of generalized complex geometry [10, 11], are compatible pure-spinors

(they square to the volume form on M and define an SU(3) × SU(3) structure group on

TM ⊕ T ⋆M).11 The background supersymmetry conditions can be written

dH(e4A−ΦReΨ̂1) = e4AF̃ , dH(e2A−ΦImΨ̂1) = 0 , dH(e3A−ΦΨ̂2) = 0 . (5.3)

As was shown in [9], and further discussed in [12], the three conditions (5.3) are asso-

ciated to the calibrations for D-branes wrapping an internal generalized cycle (Γ,F) of

definite dimension and filling respectively four, two and three flat dimensions. These three

generalized calibrations are summarized by a single generalized calibration defined on M

ω̂ = dx1 ∧ dx2 ∧ dx3 ∧ e4A−ΦReΨ̂1 + n̂ ∧ e2A−ΦImΨ̂1 +

+m(1) ∧ e3A−ΦRe(eiθΨ̂2) + m(2) ∧ e3A−ΦIm(eiθΨ̂2) , (5.4)

where n̂ = n̂idxi, m(1) = 1
2m

(1)
ij dxi ∧ dxj and m(2) = 1

2m
(2)
ij dxi ∧ dxj are constant forms

that are constrained as follows. Define the constant one-forms m̂(1) = 1
2ǫijkm

(1)
ij dxk and

m̂(2) = 1
2ǫijkm

(2)
ij dxk. Then we must impose the normalization conditions n̂ · n̂ = m̂(1) ·

m̂(1) = m̂(2) ·m̂(2) = 1, plus the compatibility conditions m̂(1) ·m̂(2) = 0 and n̂ = m̂(2)×m̂(1).

Using (5.3) one can see that the condition (4.5) is satisfied. The calibration (5.4) contains

four independent parameters, θ plus the three parameters contained in m(1) and m(2),

which are fixed by the particular homology class of the generalized cycles one wants to

calibrate. The one form n̂ identifies the direction along which a D-string extends, while

m̂(1) and m̂(2) are orthogonal to the directions that can be spanned by possible domain

walls.12

The calibration (5.4) is the most general, but one can always use Poincaré invariance to

fix three of the parameters, e.g. we can set n̂ = dx1, m(1) = dx1∧dx2 and m(2) = dx3∧dx1.

Also, by a chiral rotation, one can fix the angle θ = 0. With this choice of coordinates,

all strings and domain walls must extend along the x1 direction and the domain walls also

extend along another direction in the 23-plane. The relevant calibration for these domain

walls is

dx1 ∧ dx2 ∧ e3A−ΦReΨ̂2 + dx3 ∧ dx1 ∧ e3A−ΦImΨ̂2 . (5.5)

11We use the normalization for the pure spinors introduced in [12].
12A general calibrated network of domain walls and strings preserves 1/4 of the underlying four-

dimensional N = 1 supersymmetry, defined by the conditions eiθγ5(m̂(1) · ~γ)ξ = ξ and (n̂ · ~γ)γ0ξ = ξ,

where ξ is the surviving background four-dimensional Majorana Killing spinor.
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Here we have fixed the phase θ so that the internal generalized cycle is calibrated by

e3A−ΦReΨ̂2 or e3A−ΦImΨ̂2 if the domain wall fills the 12- or 31-directions respectively.

However, we can also consider domain wall embeddings of the form

x1 = σ1 , x2 = σ2 cos α , x3 = σ2 sinα , (5.6)

where σ1 and σ2 are flat worldvolume coordinates and α is a constant angle. From (5.4) one

can easily see that in this case the domain wall must wrap a generalized cycle calibrated

by e3A−ΦRe(eiαΨ̂2). Thus a rotation around the 1-axis must be accompanied by a chiral

rotation of the preserved Killing spinor, in agreement with the purely algebraic arguments

of [26].

We may consider networks of D-branes, where for example, from the four-dimensional

point of view, a space-filling brane ends on a domain wall, or a domain wall ends on a

string, or two or more non-parallel domain walls intersect or end on the same string, etc.

The possible supersymmetric D-brane networks of this kind depend on the details of the

background considered. In the next section we will analyze the case of the type IIB N = 1

compactifications on warped Calabi-Yau’s with fluxes as discussed for example in [27].

6. Domain wall networks on warped Calabi-Yaus

In general, in a type II N = 1 flux background the internal manifold is not necessary a

Calabi-Yau and may not even be complex or symplectic, but the supersymmetry implies

that the internal space is a generalized Calabi-Yau à la Hitchin [10, 25]. However, there

is a class of IIB flux backgrounds which preserve the internal Calabi-Yau, where the net

effect of the fluxes results only in a warping of the flat and internal metric [27, 28]. The

axion-dilaton τ = C(0) + ie−Φ is constant (with eΦ = gs) and G(3) = F̂(3) + τH is (2, 1)

and primitive, with F̂(3) quantized analogously to the H flux (see Eq. (2.1) and appendix

B). The localized D3-brane charge density ρD3 must obey the tadpole condition

dF̂(5) = F̂(3) ∧ H + ρloc
D3 , (6.1)

which in particular implies that QD3 =
∫

M H ∧ F̂(3). In this case we have13

Ψ̂1 = eiJ , Ψ̂2 = Ω (6.2)

where J and Ω are a (1, 1) and (3, 0) form on the internal manifold, such that

J ∧ Ω = 0 ,
1

3!
J ∧ J ∧ J = − i

8
Ω ∧ Ω̄ . (6.3)

The background supersymmetry conditions (5.3) imply that Ĵ ≡ e2AJ and Ω̂ ≡ e3AΩ are

closed and define the Kähler and the holomorphic (3, 0)-form associated to the internal

Calabi-Yau manifold. In this case, fixing the chiral symmetry and Poincaré invariance as

13In this paper the Kähler form J differs by an overall sign from the one used in [9, 12].
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in the previous section, the total calibration is given by14

ω̂WCY = dx1 ∧ dx2 ∧ dx3 ∧
(

e4A − 1

2
Ĵ ∧ Ĵ

)

+ dx1 ∧
(

Ĵ − 1

3!
e−4AĴ ∧ Ĵ ∧ Ĵ

)

+dx1 ∧ dx2 ∧ ReΩ̂ + dx3 ∧ dx1 ∧ ImΩ̂ . (6.4)

Consider first a single domain wall obtained by wrapping a D5-brane on an internal

3-cycle Γ. Having fixed the Poincaré invariance and chiral symmetry, a BPS domain wall

must fill the x1 direction and form an angle α(Γ) with the x2 axis in the (x2, x3)-plane

given by15

α(Γ) = arg
(

−
∫

Γ
Ω̂

)

. (6.5)

The tension of the domain wall is then given by TDW(Γ) = |
∫

Γ Ω̂|. From (2.4), the world-

volume tadpole condition implies that we must add ND3(Γ) =
∫

Γ H D3-branes filling

half of spacetime and ending on the domain wall. The D5-brane creates a jump in the

F̂(3) flux that exactly compensates for the variation of the number of D3-branes so that

∆QD3 =
∫

M H∧∆F̂(3) and so the background tadpole condition is satisfied on both sides of

the domain wall. We can also consider configurations obtained by superimposing different

domain walls at different angles.

It is worthwhile to make an observation at this point. When the internal space M

is compact, one may expect an effective four-dimensional N = 1 supergravity description

of the above D-brane domain walls. In four-dimensional supergravity, domain walls in-

terpolating between two Minkowski vacua have vanishing tension [29 – 31]. Although the

existence of such a four-dimensional description of D-brane domain walls is not guaranteed

(for a discussion see [32, 33]), the same kind of problem arises in our formalism. We have

seen that the tension of a supersymmetric domain wall obtained by wrapping a D5-brane

around an internal cycle Γ is given by

TDW(Γ) =
1

gs

∣

∣

∣

∣

∫

Γ
Ω̂

∣

∣

∣

∣

. (6.6)

Since the domain wall induces a jump in the RR-flux that in cohomology is given by

[∆F̂(3)] = PDM ([Γ]), if Ω̂ is constant as one traverses the wall, one finds

TDW =
1

gs

∣

∣

∣

∣

∫

M
Ω̂ ∧ ∆F̂(3)

∣

∣

∣

∣

. (6.7)

This means that in order to have TDW 6= 0 one must necessarily have ∆F̂
(0,3)
(3) = ∆F̂

(3,0)
(3) 6= 0

and then the jump in the RR flux generated by the domain wall seems to break the

supersymmetry of the background. On the other hand, if one considers the calibrated

14To simplify notation, we do not write explicitly the overall constant factor e−Φ = 1/gs in the following

expressions involving calibrations.
15Notice that, in contrast with the standard assumption, Ω̂ has both fixed normalization and fixed phase

due to the condition on the chiral phase θ.
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D-branes as probes that do not deform the background, they exactly preserve part of the

background supersymmetry by standard κ-symmetry arguments. Thus, when the probe

approximation for the D5-brane applies, one may consider the supersymmetry breaking

effect induced by the flux jump as subleading and the resulting domain wall configurations

as quasi-supersymmetric. Domain-walls from 5-branes can have several applications, as

discussed for example in [34, 18, 35, 32, 33].16

More interesting configurations may be obtained by gluing together several BPS do-

main walls that extend at different angles along a half-plane and meet along a line. Suppose

first that we want to directly glue together a number of D5-branes wrapping different cycles

Γ(i). The necessary topological condition is that
∑

i Γ
(i) is trivial in homology. As a result

∑

i

∫

Γ(i) Ω̂ = 0 and so
∑

i

TDW(Γ(i)) cos α(Γ(i)) = 0 ,
∑

i

TDW(Γ(i)) sin α(Γ(i)) = 0 . (6.8)

These equations have a simple interpretation as the equilibrium conditions that the tension

of each domain wall must be compensated by the other domain walls. Regarding the

numbers ND3(Γ
(i)) of D3-branes that can be inserted, the triviality of

∑

i Γ
(i) also implies

that
∑

i

ND3(Γ
(i)) = 0 . (6.9)

This constraint also has a clear geometrical interpretation. A semi-infinite domain wall

wrapping a cycle Γ(i) which supports a nontrivial H-flux must have ND3(Γ
(i)) more space-

time filling D3-branes on one side than the other. The condition (6.9) simply requires that

the H-flux on the other cycles is such that this condition can be simultaneously satisfied

on all walls. In other words, if for example we have a junction of three semi-infinite domain

walls, crossing the first wall, then the second, then the third, one returns to the original

region and so the total jump in D3 brane charge must vanish. Finally, let us also note that

the triviality of
∑

i Γ(i) obviously implies that the total jump of the F̂(3) after a complete

path around the junction is trivial since [∆totF̂(3)] =
∑

i PDM [Γ(i)] = 0.

Consider now a string extending along the x1-direction obtained by wrapping a D7-

brane on the internal manifold. By itself such a configuration cannot be consistent since

the H-flux on the worldvolume of the D7-brane is nontrivial. However, we can attach to the

string several domain walls that can be at different angles and are obtained by wrapping

D5-branes on three-cycles Γ(i). The field strength F on the internal part of the D7-brane

must then satisfy the modified Bianchi identity dF = H +
∑

i δ
3
M (Γ(i)) and thus the

consistency of the configuration requires that, in homology,
∑

i PDM ([Γ(i)]) = −[H]. This

in turn implies again (6.9) with the subsequent interpretation as a topological condition on

the spacetime filling D3-branes. Note also that the background supersymmetry conditions

require that Ω̂ ∧ H = 0. It follows that
∑

i

∫

Γ(i)

Ω̂ =

∫

M
Ω̂ ∧ H = 0 , (6.10)

16See also [36] for a discussion of interesting physical effects due to the twisting induced by the H-flux in

IIB flux compactifications and their IIA mirrors.
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and we obtain again the equilibrium conditions (6.8).

Notice that in this case the total jump in F̂(3) as one crosses the domain walls does

not vanish in cohomology, since

[∆tot
DW′sF̂(3)] =

∑

i

PDM ([Γ(i)]) = −[H]. (6.11)

However this does not mean that such a configuration is inconsistent. Indeed, the mon-

odromy of C(0) as one encircles the D7-brane is equal to one unit. This induces a variation

[∆tot
stringF̂(3)] = (∆totC(0))[H] = [H] (6.12)

that exactly corrects the total jump created by the domain walls. Thus the total variation

of F̂(3) as one encircles the D7 is trivial, so F̂(3) is globally defined and the configura-

tion is consistent. Such a cancellation in the variation of improved field strengths always

occurs [37].

6.1 An example: networks on T 6/Z2 flux compactifications

As a simple example, let us focus on the T 6/Z2 orientifold flux compactifications studied in

[20]. Start with type I string theory on R
1,3×T 6 where T 6 is the six-torus and T-dualize all

six circles. The result is type IIB on T 6/Z2 with 64 O3-planes.17 Such planes have tensions

equal to minus one quarter of the D3-brane tension. The internal three-form fluxes and

the number ND3 of D3-branes which extend along the noncompact R
1,3 are related by the

tadpole condition

ND3 = 16 +
1

2

∫

T 6

H ∧ F̂(3) , (6.13)

where 16 = 64/4 is the contribution of the 64 orientifold planes and the factor of one half

reflects the fact that one need integrate over only one fundamental domain T 6/Z2 of the

Z2 action on T 6.

In [20], a class of supersymmetric vacua was discussed, in which the fluxes H and F̂(3)

have constant components in the 6-torus coordinates xa ≃ xa + 1 and ya ≃ ya + 1, the

complex structure is defined by the complex coordinates za = xa + φya and the associated

(non-normalized) holomorphic (3, 0)-form is Ω̂ = dz1 ∧ dz2 ∧ dz3. A family of compatible

Kähler structures is given by Ĵ = −i
∑

a r2
a dza ∧ dz̄a ∼ ∑

a r2
a dxa ∧ dya, for arbitrary ra’s.

We now want to consider a BPS probe D5-brane wrapped on a three cycle Γ on the T 6/Z2,

that for simplicity we assume descends from a cycle (and its image under the orientifold

involution) on T 6. Thus Γ must be calibrated by Re(eiθΩ̂) for some θ, i.e. it must be a

special Lagrangian (SLag) cycle, as will be discussed in general in section 7. This implies

that the pullback of Ĵ to Γ must vanish (i.e. Γ is a Lagrangian cycle) and Im(eiθΩ̂|Γ) = 0

(the ‘special’ condition). Supersymmetric cycles are thus described by an embedding of

17As described in [38], there are four varieties of O3 planes, characterized by a possible NSNS and a

possible RR Z2-valued discrete torsion on the linking RP
5. We will consider a background in which both

discrete torsions on all 64 planes are turned off.
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Figure 4: The (x2, x3) cross-section of two examples of networks of domain walls are drawn,

indicating explicitly the contribution to the total wall tensions coming from each D5-brane in units

where Vol(T 6)/g2

s = 1. On the left there are three walls of tension equal to one in the four-

dimensional theory, which in the full theory are D5-branes that wrap the cycles Γ1 = A0, Γ2 = A1

and a third cycle Γ3 which is homologous to −A0 − A1. These extend at relative angles of 120

degrees in the (x2, x3)-plane, and so their tensions cancel in the four-dimensional sense leaving

a stable configuration, in agreement with the general formula (6.8). On the right 7 intersecting

domain walls are drawn, which extend in four distinct directions in this 2-dimensional cross-section,

although they all wrap distinct cycles on the internal toroidal orientifold. These walls all end on a

string which lifts to a D7-brane. The fact that Ω̂ ∧ H integrates to zero, combined with the fact

that the total cycle wrapped by the walls is equal to −H according to the Freed-Witten anomaly,

guarantees that the tensions of these walls also cancel (see Eq. (6.10) and related discussion), as

can be verified explicitly in the figure.

the form σa 7→ (xa = maσa + ca, ya = naσa + da) (no sum over repeated indices), where

the σa’s denote the worldvolume coordinates and ma, nb ∈ Z are winding numbers. We

will denote such supersymmetric cycles by Γ~m,~n, where a choice of ca and da is implicit.

The phase eiθ is fixed by the condition Im(eiθΩ̂|Γ) = 0 up to a sign and there must be

N ~m,~n
D3 = |

∫

Γ~m,~n
H| D3-branes ending on a D5 that wraps Γ~m,~n.

We will focus on the following explicit background, described in [20]. Let us first

introduce the following real integer three-forms on T 6

α0 = dx1 ∧ dx2 ∧ dx3,

β0 = dy1 ∧ dy2 ∧ dy3 ,

αa =
1

2

∑

b,c

ǫabcdya ∧ dxb ∧ dxc,

βa = −1

2

∑

b,c

ǫabcdxa ∧ dyb ∧ dyc ,
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where, in the last line, no sum over the indices a is taken. In terms of these forms the

background of interest supports the following three-form fluxes

F̂(3) = 2α0 + 2
3

∑

a=1

αa + 2
3

∑

a=1

βa + 8β0 ,

H = −2α0 + 2
3

∑

a=1

αa + 2
3

∑

a=1

βa + 4β0 . (6.14)

The axion-dilaton is τ = 2e2πi/3 while the complex structure is given by φ = e2πi/3, and

thus18

Ω̂ = α0 + e
2πi
3

3
∑

a+1

αa + e
iπ
3

3
∑

a=1

βa + β0 . (6.15)

We can choose eight SLag cycles AI , BJ of the kind Γ~m,~n discussed above, with I, J =

0, . . . , 3, such that19

∫

AI

αJ =

∫

BJ

βI = δI
J , (6.16)

and construct domain wall networks by wrapping D5-branes around AI and BJ . Consider

first the case in which we do not need a D7-brane insertion at the junction. Thus, as we have

discussed, the topological requirement is that the sum of the different cycles wrapped by

the D5-branes is trivial in homology. A simple example of such a configuration is provided

by a junction of three D5-branes wrapping the internal SLag cycles Γ1 = A0, Γ2 = A1 and

Γ3, which is of the form Γ~m,~n where m1 = n1 = −m2 = −m3 = −1 and n2 = n3 = 0. Thus

[Γ3] = −[Γ1 + Γ2]. Using (6.15) and (6.5), one can easily see that the second and the third

domain walls are at angles α = 2π/3 and −2π/3 respectively on the (x2, x3)-plane with

respect to the first domain wall. This configuration can be seen on the left of Fig. 4. This

example can be straightforwardly extended to more complicated configurations involving

more then three D5-brane walls intersection along a common string-like boundary.

We can also construct networks of the second kind discussed above, where several

D5-branes wrapping internal cycles Γi meet along a string-like junction filled by a D7-

brane wrapping the entire internal space M . In this case the topological condition
∑

i PDM ([Γi]) = −[H] is satisfied by the following seven SLag cycles

Γ1 = −4A0, Γ2 = −2B0, Γ3 = −2A2, Γ4 = −2A3 ,

Γ5 = 2B1, Γ6 = 2B3, Γ7 , (6.17)

where Γ7 is Γ~m,~n with m1 = n2 = m3 = n3 = 1 and n1 = m2 = 0. From (6.15) and (6.5)

one can see that we have four stacks of D5-branes extending along four different directions

on the (x2, x3)-plane. The first group consists of two D5 branes wrapping the cycles Γ1

18Note that in our and [20]’s notation, τ and φ have opposite meaning.
19For example A0 corresponds to m1 = m2 = m3 = 1 and n1 = n2 = n3 = 0, A1 to n1 = m2 = m3 = 1

and m1 = n2 = n3 = 0, and so on.
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and Γ2 and let us say that they are at angle α = 0. The second group is given by the two

D5-branes wrapping the cycles Γ3 and Γ4, which are at an angle 2π/3. The third group is

given by the two D5-brane wrapping the cycles Γ5 and Γ6, which are at an angle −2π/3.

Finally we have the D5-brane wrapping the cycle Γ7 at an angle π. This configuration is

depicted on the right of Fig. 4.

Two final observations are in order. First, we would like to stress that the above D-

brane networks are supersymmetric only in the probe approximation, where the background

is kept fixed and the D-branes’ backreaction is neglected. However, in the present example

the string coupling constant is gs = 1/
√

3 ≃ 0.58 and the jump in the RR flux generated

by the D5-branes is comparable with the background fluxes. Thus, while we expect this

approximation to be justified in several interesting flux vacua, it cannot be trusted in our

simple example and one should in principle face the aforementioned problem concerning

supersymmetry-breaking flux jumps generated by the domain walls. Second, we have not

found the actual supersymmetric D-brane network configuration, rather we have started

from separated D3, D5 and D7-branes and we have checked that they can be glued together

consistently, obtaining also information about tensions and angles from the calibration

(6.4). However, accordingly to the general discussion of section 4, the calibration (6.4) can

be also used to determine the actual BPS configuration inside the same ∂̂-homology class

of each of these networks where lower-dimensional D-branes end on higher dimensional

ones. In the next section, we will show that this is explicitly possible by concentrating on

a single composite domain wall, where several D3-branes can end on a wall obtained by

wrapping a D5-brane on an internal cycle supporting a non-trivial H-flux.

7. The shape of composite domain walls

Until now we have used generalized calibrations to extract information on D-brane networks

of BPS domain walls and strings that essentially depends only on the topology of the

configuration. However, imposing the calibration condition corresponding to the saturation

of the local bound (4.3) (or equivalently (4.4)) should allow one to obtain the explicit D-

brane configurations. We now show this, focusing on a domain wall corresponding to a D5-

branes wrapping a three cycle Γ supporting a possible nontrivial H-flux. Such domain walls

can be for example relevant in the context of flux compactifications and the gauge/gravity

correspondence (see e.g. [18, 34, 32, 33, 35]).

If the H-flux on Γ were trivial and we could set F = 0, the calibration condition would

imply that Γ is a SLag cycle [9]. The presence of a nontrivial H-flux drastically changes

the situation, since we must now attach ND3(Γ) D3-branes filling half of spacetime to the

domain wall. They act as monopole sources on Γ and thus F cannot be trivial and in fact

they deform the geometry of the D5-brane by ‘pulling’ it, creating BIon-like spikes.

To analyze the resulting supersymmetric configuration more explicitly, it is convenient

to use the warped metric ĝmn(y) = e2A(y)gmn on the internal manifold M . The shape of the

D5-brane is specified by the embedding functions ym = Y m(σ), in the internal directions,

and x3 = X(σ), where σα, α = 1, 2, 3, are coordinates on the three-cycle Γ wrapped by the

D5-brane. On Γ we will use the pullback of the background internal warped metric ĝmn.
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Using the calibration (6.4) with the phase eiθ originally present in (5.4) reintroduced and

following a procedure almost identical to that used for the BIon solution in section 4, the

calibration condition [ω̂|Γ ∧ eF ]top = EDBI(Γ,F) implies that, for some θ,

Re(eiθΩ̂)|Γ =
√

det(ĝ|Γ) d3σ , (7.1)

plus the BPS condition relating the profile X(σ) to the F flux

dX = ⋆3F . (7.2)

If the D3-branes end on Γ at the points pi, i = 1, . . . , ND3(Γ), from the worldvolume

Bianchi identities (2.4) it follows that

∆X = ⋆3[H|Γ +
∑

i

δ3
Γ(pi)] , (7.3)

where ∆ = ⋆3d ⋆3 d is the Laplacian operator. We thus see that the D5-brane extends

in BIon-like spikes in the x3 direction localized at the points pi. Note however that (7.1)

implies that the D5-brane still wraps a SLag internal three-cycle.

The general solution to equation (7.3) can be found in terms of an associated Green’s

function G(σ, σ′), which must satisfy

∆σG(σ, σ′) = ∆σ′G(σ, σ′) = ⋆3δ
3
Γ(σ − σ′) − 1

V̂3

, (7.4)

where V̂3 =
∫

Γ d3σ
√

det(ĝ|Γ) = TDW(Γ). Thus

X(σ) = X0 +
∑

i

G(σ, σi) +

∫

Γ
G(σ, σ′)H|Γ(σ′) , (7.5)

where σi denotes the coordinates of the point where the ith D3-brane ends on the D5-brane

and X0 is the arbitrary additive constant (the zero mode of the Laplacian operator) which

corresponds to the position of the brane.

An important observation is that the final domain wall tension is still given by |
∫

Γ Ω̂|,
as in the case of trivial H-flux or no flux at all. This value coincides with the minimal

volume that a cycle homologous to Γ can have. Indeed, the tension can be easily computed

from the complete generalized calibration ω = ω̂ − e4AC̃. The background supersymmetry

conditions imply that we can choose C̃(0) = 1 and the relevant part of ω is given by

ω = dx1 ∧ dx2 ∧ ReΩ̂ . (7.6)

Thus the domain wall tension does not depend at all on the nontrivial X(σ) and F(σ)

but only on the internal embedding described by Y m(σ). Note that in general we have a

non-trivial F flux, related to the X(σ) profile by the BPS equation (7.2). This is of course

unavoidable if there are D3-brane insertions, but also when
∫

Γ H = 0 with nevertheless

non-vanishing H|Γ. If we want a domain wall at a fixed position we must impose F = 0

(and thus also H|Γ = 0), consistently with the results of [9].
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7.1 Examples

As a first example, let us take the T 6/Z2 orientifold flux compactifications considered

in subsection 6.1. We can solve equation (7.3), using the general formula (7.5). The

relevant metric induced on an internal cycle Γ~m,~n is ĝ|Γ~m,~n
=

∑

a R2
adσadσa, where R2

a =

|ma + φna|2r2
a, so that V̂ = R1R2R3. Thus the Green’s function is given by

G(σ, σ′)Γ~m,~n
= − 1

V̂

∑

~k 6=~0

e2πi~k·(~σ−~σ′)

(2π)2
∑

a(ka/Ra)2
, ~k = (k1, k2, k3) ∈ Z

3 . (7.7)

Since the H-flux is constant in the (xa, ya) coordinates, the second term on the right hand

side of (7.5) vanishes and so we have the general solution for the shape of the domain wall

X(σ) = X0 −
1

V̂

∑

~k 6=~0

N ~m,~n
D3

∑

i=1

e2πi~k·(~σ−~σi)

(2π)2
∑

a(ka/Ra)2
, ~k = (k1, k2, k3) ∈ Z

3 . (7.8)

If we restrict our attention to the isotropic case in which R1 = R2 = R3 = R, it is easy to

see that, if we zoom the solution around some D3-brane insertion σi, we recover the BIon

solution discussed in section 4, i.e. X(σ) ∼ X0 + 1/(4πR|~σ − ~σi|) for |σ − σi| << 1, as

expected.

As second example, we consider a case where the internal space is non-compact.20

Type IIB flux vacua involving an internal non-compact (warped) Calabi-Yau are natural

in the context of the gauge/string theory correspondence. We may consider for example

the Klebanov-Strassler (KS) solution [21] and take its S-dual.21 The resulting solution is

essentially given by a deformed conifold with N units of H-flux on the S3 deformation

of the tip of the cone. The S3 is a SLag cycle and thus a domain wall will consist of a

D5-brane wrapping the S3 and N D3-branes ending on it. Since the H-flux preserves the

SO(4) isometry group of S3, as in the case of the T 6/Z2 orientifold, it can be considered

to be constant on S3. Thus it does not contribute to the right-hand side of (7.5), since

Eq. (7.3) practically reduces to Eq. (7.4), where H|Γ gives the uniform compensating charge

density 1/V̂ . Alternately these can be seen directly by writing the usual expression of the

Green’s function for S3 in terms of spherical harmonics. We do not try to make explicit

this general expression for the Green’s function, even if doable in principle, since it would

be complicated and not particularly illuminating.

We prefer to directly solve the BPS equation (7.2) in a symmetric case, already consid-

ered in [18], in which the D3-branes all end on the same point on the S3. Let us introduce

the coordinates (ψ, φ, χ) on S3, such that the metric on S3 takes the form

ds2
S3 = R2(dψ2 + sin2 ψdφ2 + sin2 ψ sin2 φdχ2) (7.9)

and

H|S3 =
N

2π2
sin2 ψ sinφdψ ∧ dφ ∧ dχ . (7.10)

20Thus, in this case, the mentioned subtleties in the probe approximation and the possible supersymmetry-

breaking backreaction do not arise.
21Since the dilaton is constant, we can tune it to be small in the S-dual solution.
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The symmetry of the configuration allows only the ansatz

F = f(ψ) sin φdφ ∧ dχ (7.11)

for the worldvolume field strength. Let us place the N D3-branes at the south pole ψ = π.

As in [18], using Gauss’ Law, the presence of the N D3-brane magnetic sources at ψ = π

reduces to the boundary condition f(π) = N/(4π), while f(0) = 0. The Bianchi identity

dF = H|S3 for 0 ≤ ψ < π reduces to ∂ψf = N
2π2 sin2 ψ, which can be easily integrated

f(ψ) =
N

8π2
(2ψ − sin 2ψ) , (7.12)

satisfying the required boundary conditions.

Since X also depends only on ψ, the BPS equation (7.2) reduces to

dX

dψ
=

f(ψ)

R sin2 ψ
=

N

8π2R

(

2ψ − sin 2ψ

sin2 ψ

)

. (7.13)

This is exactly the equation obtained in [18] using an effective one-dimensional action for

ψ(X) where X plays the role of the time, and using the conservation of the associated

energy. We see how our general BPS equation (7.2) gives directly this result in this specific

subcase. Equation (7.13) can be integrated

X = − N

4π2R
[ψ cotψ − 1] + X0 , (7.14)

where X0 denotes the location of the domain wall, that is reached by X at ψ = 0.

The above domain walls correspond in the dual gauge theory to the BPS domain walls

interpolating between the baryonic and mesonic branches [18] and we have thus found

the general formula which determines the shape of such domain walls for any choice of

vacuum in the moduli space of the mesonic branch. Furthermore, as discussed in [27],

the KS solution can be used to model highly warped throat regions inside proper flux

compactifications. Thus the above discussion can be adapted to these compactification

scenarios as well, where the probe approximation may be better motivated than it was in

the T 6/Z2 flux vacua considered in subsection 6.1.

8. Conclusion and discussion

There are two popular topological22 D-brane classification schemes. D-branes may be

classified by homology, which captures some of the topological information about their

embeddings, but misses all information about their gauge fields and in particular their

lower-dimensional D-brane charges. They may also be classified by twisted K-theory, which

captures all of the RR charge information, both in the embedding and in the full nonabelian

gauge field configuration, but with the disadvantage that given a particular D-brane con-

figuration it is in general very difficult to determine the corresponding twisted K-theory

class.

22The derived category classification captures more information than just the topology of the embedding,

and it only applies to certain supersymmetric backgrounds.
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In this note we have presented a classification scheme which lies between these two,

the homology of generalized chains. A generalized chain carries the information about the

embedding of a D-brane and its worldvolume U(1) gauge field, which allows one to treat

Dp-branes dissolved in and ending on D(p + 2)-branes, and more generally networks of

branes. It has the advantage that it is described directly in terms of the physical data, the

position and the fluxes, and so given a configuration one may immediately determine which

homology class it represents, if any. Furthermore, the use of generalized chains is the most

natural when background fluxes are turned on, since in the presence of a non-trivial H

the gauge-invariant worldvolume field strength F can play a nontrivial role that must be

considered along with with the embedding data. We introduced a boundary operator ∂̂ for

generalized chains and found that consistent D-brane networks wrap ∂̂-closed generalized

chains, i.e. generalized cycles. Therefore they represent ∂̂-homology classes. We also saw

that distinct representatives of the same homology class are related by allowed processes,

sometimes involving the dissolution of branes in higher-dimensional ones, the nucleation of

branes of various dimensions or the Myers effect. Thus each homology class corresponds

to a realizable value of the conserved RR charge, and vice versa.

Let us stress that, when considering stacks of D-branes, a full nonabelian description

would in principle be required and could lead to nontrivial effects. This is clearly not

covered by our formalism and we are in fact restricting to configurations where these

effects are neglected. However, let us note that several nonabelian effects have an alternate

abelian description, which may be sufficient for some purposes. For example, gauge bundles

may have nontrivial instanton numbers. While this is critical in the twisted K-theory

classification of branes, in the ∂̂-homology classification, we expect to lose no generality by

considering only abelian bundles, as the instanton charges in the worldvolume of a Dp-brane

may also be carried by D(p − 4)-branes outside of the Dp-brane. On the other hand the

inclusion of the abelian field strength, which couples to D(p − 2)-brane charge, is critical

because, as described in [4] and reviewed in sec. 3, Dirac monopoles in time-dependent

Dp-brane configurations violate D(p − 2)-brane charge conservation.

While a physical process may transform any representative of a fixed homology class

into any other, such a process may not be energetically favorable, and so will not occur

at zero temperature. In the second half of this note we describe how the calibrations in-

troduced in [9, 8] can be extended and are in fact more naturally associated to D-brane

networks. These calibrations are polyforms that provide a local bound on the energy

density of a D-brane network, a bound that is everywhere saturated precisely for super-

symmetric configurations. Integrated over a generalized cycle, the calibration provides

the supersymmetric lower bound for the energy of the D-brane network in the associated

∂̂-homology class.

In sections 5 and 6 we have focused on the case of flux compactifications to four-

dimensions and we constructed explicit examples of networks of domain walls, strings and

space-filling branes in the toroidal orientifold backgrounds of [20]. In section 7 we explicitly

found the geometry of domain wall configurations in IIB warped Calabi-Yau compactifi-

cations, where a number of space-time filling D3-branes end on a D5-brane wrapping an

internal three-cycle which supports a non-trivial H-flux. In particular, by using the appro-
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priate calibration (6.4) we obtained the explicit BPS equations (7.1) and (7.2) describing

the resulting composite domain walls. The same procedure can be applied to slightly dif-

ferent settings and of course one can switch off the fluxes and consider pure Calabi-Yau

backgrounds. For example, our formalism may be used to describe the setting of [35], in

which a D5-brane wraps an almost supersymmetric two-cycle at the bottom of a conifold-

like geometry that can unwrap by sweeping out a three-cycle of large volume inside the

whole compact Calabi-Yau. From the appropriate generalized calibration one can obtain

BPS equations (analogous to (7.1) and (7.2)) for the interpolating domain-wall, that can

be useful in the description of these kinds of decays.

In this note we have stressed the usefulness of the homology of generalized chains on the

spacetime. However one is often interested in the spectra of various branes in the presence

of certain fixed background branes. For example, consider the Hanany-Witten cartoons

whose D4 and NS5-branes are described by MQCD. The excitations of MQCD correspond

to D2-branes, F-strings, D0-branes and networks made out of all three, describing for

example magnetic monopoles confined by vortices [39 – 41]. In these cases noncomposite

objects are classified by the relative homology of the spacetime with respect to the fixed

D4 and NS5-branes [42, 43], while the composite objects will be classified by the relative

homology of generalized chains.

In summary, the following holes need to be filled. A relative homology theory should be

defined, we expect this to be straightforward. We have not included gravitational effects,

which naively corresponds to adding an A-roof genus in the definition of the generalized

currents. Our formalism does not treat nonabelian worldvolume gauge fields, these should

change the energy formula which determines the calibrations, as F and the embedding

fields become matrix-valued. Our formalism is not S-duality covariant, S-duality covariance

requires information about the dual gauge bundle. Finally, our treatment is largely classical

as it uses differential forms, the Dirac quantization condition is included by hand and so

torsion classes and anomalies are missing.
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A. Topology and quantum effects

In this appendix we note that the twisted homology theory of [16] captures quantum

corrections that are not present in this note. We argue that while that theory does not

apply in certain cases, a correction may be inserted by hand that fixes it in general. We
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postulate the existence of a purely geometric formation of ∂̂-homology which captures the

quantum effects of twisted homology together with this quantum correction.

We have introduced a ∂̂-homology for generalized cycles which is not manifestly in-

tegral. We expect that integrality would arise automatically in a formalism in which the

worldvolume gauge field is quantized. However if the gauge field is treated as a differential

form, then one will never capture configurations in which branes with torsion (Zn) charges

are dissolved in higher-dimensional branes. Such configurations are included in manifestly

integral twisted homology theories like that of [16], which we expect is rationally isomorphic

to the ∂̂-homology presented here.

Integral twisted homology is defined on ordinary chains using the H-twisted boundary

operator

∂Hx = ∂x + H ∩ x . (A.1)

Here the H flux is an integral 3-cocycle, and the cap product ∩ is an operation which takes

a p-cocycle and a q-chain and yields a (q−p)-chain, which corresponds to the worldvolume

of our magnetic monopole. We refer to [16] for further details on the definition of twisted

homology, but in this appendix we will extend this formalism to include configurations

with a nontrivial Freed-Witten anomaly, which were explicitly excluded in [16] because ∂H

ceases to be nilpotent in these cases.

While ∂H is not nilpotent in general, the product H ∪ H is always nilpotent

2H ∪ H = 0 (A.2)

and so it vanishes in de Rham cohomology, which contains no torsion elements. In terms

of differential forms this is reflected in the fact that

H ∧ H = 0 (A.3)

as H is an odd-dimensional form.

This is not to say that string theory is inconsistent at the level of integral homology

when H ∪ H is nontrivial. In the full quantum theory a magnetic monopole worldvolume

C is not only sourced by the pullback of the H flux to the worldvolume Σ, but one must

also add a quantum correction equal to the third Stiefel-Whitney class W3 of the tangent

bundle of X [1]. The magnetic monopole charge on C is then not only the pullback of H

from Σ, which is nonzero when H ∪ H 6= 0 in Σ. It also contains a contribution W3 of

the normal bundle to C in Σ. This always precisely cancels the worldvolume H flux on C.

Therefore the brane wrapped on C, which must be inserted to restore gauge invariance to

a brane wrapping Σ, is itself not anomalous, because its total Freed-Witten anomaly is

W3 + H = 0. (A.4)

Thus while ∂ + H∪ is not nilpotent when H ∪ H 6= 0, if one adds the quantum correction

W3 it because nilpotent and the homology theory is well-defined.

W3 of the normal bundle of C in Σ is only defined on a cycle, and C may not be a

cycle. However its pushforward to Σ is equal to Sq3H, where Sq3 is an operation known
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as a Steenrod square, as it squares 3-cocycles. If we define Sq3 on a 3-cochain H to be

the cup product H ∪ H, then it is defined even for cochains and in the case of cocycles it

reproduces the Freed-Witten term W3. Now the monopole worldvolume on C is no longer

just

H ∩ C = H ∩ (H ∩ Σ) = (H ∪ H) ∩ Σ (A.5)

but it contains Sq3, acting as described above, and so is

(Sq3 + H∩)C = (Sq3 + H∩)(H ∩ Σ)

= (Sq3H + H ∪ H) ∩ Σ

= (2H ∪ H) ∩ Σ

= 0 ∩ Σ

= 0. (A.6)

Using this prescription one finds that twisted homology is equal to the second element in

the Atiyah-Hirzebruch spectral sequence construction of K-theory, of which Sq3 +H is the

first differential. In the present note we do not need this quantum correction because we

consider differential forms, and as a differential form H ∧ H = 0 always.

It would be interesting to analogously extend the ∂̂-homology of this note to a purely

topological construction, working directly with the worldvolume twisted gauge bundles and

spinc bundle. In such a formulation one may hope to naturally obtain a complete quantum

corrected boundary operator, thus including the W3 quantum correction introduced above

by hand.

B. Flux quantization on generalized cycles

The formalism introduced in this paper allows one to naturally express the quantization

condition on the Ramond-Ramond fluxes. Indeed, we have seen in subsection 2.4 that a

consistent D-brane network must wrap a generalized cycle (C,F) (such that ∂̂(C,F) = 0).

Using the current j(C,F), the CS-term in the network’s action is given by

SCS =

∫

X
〈C, j(C,F)〉 . (B.1)

However, since the RR gauge field polyform C is defined only locally, it is convenient

to express SCS in terms of the globally defined field strength F = dHC. This can be done

by choosing a fixed generalized cycle (C0,F0) in the same generalized homology class as

(C,F), so that there exists a generalized chain (S, F̂) such that ∂̂(S, F̂) = (C,F)− (C0,F0).

Then we can write

SCS(C,F) = SCS(C0,F0) +

∫

X
〈F, j(S,F̂)〉 . (B.2)

In our units 2π
√

α′ = 1 and so this term enters the path integral via the exponential

exp(2πiSCS) , (B.3)
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which must be independent of the choice of (S, F̂). Clearly, any two such generalized chains

(S, F̂) and (S′, F̂′) differ by a generalized cycle (C̃, F̃) and so we obtain the quantization

condition
∫

X
〈F, j

(C̃,F̃)
〉 ∈ Z (B.4)

for any generalized cycle (C̃, F̃). The above quantization condition depends only on the

dH-cohomology class of F and the ∂̂-homology class of (C̃, F̃), and therefore it is a properly

defined topological property.

We have thus obtained a characterization of the RR-flux quantization condition in

terms of generalized cycles, which allows one to naturally generalize standard arguments

to the most general case where in particular one can have non-trivial H-flux. Note that

the above argument is quite naive and does not explicitly face possible subtleties due to

anomalous corrections, torsion effects, orientifolds, etc. It would be nice to address these

and other related issues in the future.
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